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Abstract
In this work, within the scope of the Lindhard dielectric function
formalism for the homogeneous electron gas, explicit expressions for
the real and imaginary parts are calculated for finite temperature.
An application to Raman scattering in n-type GaAs is presented to
highlight the power of the method.
keywords: dielectric function, Lindhard function, Raman scat-
tering.
1 Introduction
In dealing electrons in metal and semiconductors it is useful to utilize a model
in which we neglect the discrete lattice structure of the ions in the solid, which
are smeared out to a uniform background. This positive background sustain
the electrical neutrality of the system. On the other hand electrons muttually
interact by Coulomb’s force.
We may calculate a wide variety of properties of the interacting electron
gas from the knowledge of the frequency and wavevector dependent dielectric
function ǫ( ~Q, ω), e.g., collective excitations like plasmon and screening effects.
Since the pioneering work of Lindhard [1] a large number of papers has gone
alternative expressions for ǫ( ~Q, ω).
In general the Lindhard dielectric function has been calculated for the
degenerate case (T = 0) [2] and for the case at high temperature [3, 4]. For
the cases which cover a wide range of temperatures, neither the degenerate
limit nor the classical Maxwellian limit are good approximations, and there-
fore analytical expressions for dielectric function to arbitrary temperature is
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necessary. In this work the real and imaginary parts for the Lindhard dielec-
tric function are analytically calculated. The expression for the imaginary
part is valid for any finite temperature. The expression for the real part is
good for all except for low-temperature limit T → 0.
2 Analytical expressions for the Lindhard di-
electric function
The Lindhard dielectric function can be written in the form
ǫ( ~Q, ω) = ǫ∞ −
4πe2
Q2
χ( ~Q, ω) . (1)
where ǫ∞ is the background dielectric constant contribution of the inner elec-
trons in the ion core, e is the elementary charge and χ( ~Q, ω) is the Lindhard
function
χ( ~Q, ω) =
1
4π3
∫
d3k
f(~k + ~Q)− f(~k)
E(~k + ~Q)− E(~k)− h¯(ω + ıs)
. (2)
where f(~k) is the Fermi-Dirac distribution function, E(k) = h¯2k2/2m∗ is the
electron energy, s is a positive infinitesimal which is taken in the limit of
going to +0 to produce the real, ǫ1(Q, ω), and imaginary parts, ǫ2(Q, ω), of
ǫ( ~Q, ω). Using the Dirac identity
lim
s→0
1
X + ıs
= p.v.
1
X
− ıπδ(X) , (3)
where p.v. denotes the principal value of an integral and δ(X) is the Dirac
delta, we can obtain the real and imaginary parts of the dielectric function.
Using spherical coordinates,(k, θ, φ), after integration in the angular part we
write the real part as
ǫ1(Q, ω) = ǫ∞ −
2e2m∗
h¯2Q3
∫
∞
0
kf(k)
[
ln
∣∣∣∣k − q1k + q1
∣∣∣∣ + ln
∣∣∣∣k − q2k + q2
∣∣∣∣
]
dk (4)
where q1 and q2 are given by
q1 =
Q
2
− m
∗ω
h¯Q
(5)
q2 =
Q
2
+
m∗ω
h¯Q
(6)
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and
ǫ2(Q, ω) =
2e2m∗
h¯2Q3
∫ q2
q1
kf(k)dk , (7)
for the imaginary part.
So far we have not yet made use of the Fermi-Dirac function. At fi-
nite temperature, T , the occupation numbers are given by the Fermi-Dirac
distribution
f(E(k)) =
1
exp [β(E(k)− µ)] + 1 , (8)
where β is 1/kBT and µ is the chemical potential.
The integral in Eq.(4) cannot be evaluated analytically. However, assum-
ing that e−βµ >> 1, the Fermi function, Eq. (8), can be approximately by
f(k) ≈ eβµe−βE(k). In this case, Eq.(4) yields
ǫ1(Q, ω) = ǫ∞ −
2e2m∗
h¯2Q3
eβµ
∫
∞
0
ke−βE(k)
[
ln
∣∣∣∣k − q1k + q1
∣∣∣∣ + ln
∣∣∣∣k − q2k + q2
∣∣∣∣
]
dk (9)
In the above equation we have two integrals of kind
I =
∫
∞
0
x exp[−ξ2x2] ln
∣∣∣∣x− qx+ q
∣∣∣∣ dx (10)
where ξ2 = βh¯2/(2m∗). The solution of Eq.(10) is given by
I = −
√
π
ξ2
exp(−y2)
∫ y
0
exp(x2)dx = −
√
π
ξ2
D(y) (11)
where D(y) = exp(−y2)
∫ y
0
exp(x2)dx is the Dawson’s integral [5].
After some algebraic manipulations we arrive at the following expression
for the real part
ǫ1(Q, ω, T ) = ǫ∞ +
4e2m2
π1/2Q3h¯4β
eβµ[D(y1) +D(y2)] . (12)
Here
y21 =
βh¯2
2m∗
(
Q
2
+
m∗ω
h¯Q
)2
, (13)
and
3
y22 =
βh¯2
2m∗
(
Q
2
− m
∗ω
h¯Q
)2
. (14)
For imaginary part, integrating the Eq. (7) we obtain that
ǫ2(Q, ω, T ) =
2e2(m∗)2
h¯3Q3
[
ω − 1
h¯β
ln
(
1 + e−βµey
2
1
1 + e−βµey
2
2
)]
. (15)
Rearranging Eq.(15), we have
ǫ2(Q, ω, T ) =
2e2(m∗)2
h¯4Q3β
ln
(
1 + eβµe−y
2
2
1 + eβµe−y
2
1
)
. (16)
The Eq.(16) is valid for any finite temperature.
These expressions for ǫ1(Q, ω, T ) and ǫ2(Q, ω, T ) constitute the principal
result of this work.
2.1 Important limiting cases
To appreciate our results, we discus some important limiting cases. We will
consider first the upper temperature limit (β → 0). In this case we have
eβµ = 21/2h¯3n
(
πβ
m
)3/2
, (17)
where n is the concentration. Inserting this into Eq. (12) we get
ǫ1(Q, ω, T ) = ǫ∞
[
1 +
(
2m
β
)1/2
k2DH
h¯Q3
[D(y1) +D(y2)]
]
. (18)
where
k2DH =
4πe2nβ
ǫ∞
(19)
is the Debye-Huckel screening wavenumber. In the static limit ω → 0 we
have that y1 = y2 =
√
β/2mh¯Q/2, Eq. (18) yields
ǫ1(Q, 0, T ) = ǫ∞
[
1 + 2
(
2m
β
)1/2
k2DH
h¯Q3
D(y1)
]
. (20)
In the long-wavelength limitQ→ 0, we have thatD(y1) ≈ y1 =
√
β/2mh¯Q/2.
From Eq. (20) we obtain
4
ǫ1(Q, 0, T ) = ǫ∞
[
1 +
k2DH
Q2
]
. (21)
In this high-temperature limit, the exponential factors in Eq. (16) are
small, so we can expand the argument of the logarithm and we obtain
ǫ2(Q, ω, T ) = ǫ∞
k2DH
h¯Q3
[
exp(−y22)− exp(−y21)
]
. (22)
In the static limit ω → 0, ǫ2(Q, 0) = 0.
In the low-temperature limit, T → 0 or β → ∞, we can use the asymp-
totic representation of the Dawson’s integral
D(y) ≈ 1
2y
(
1 +
1
2y2
)
. (23)
After some simple calculation we obtain from Eq. (12)
ǫ1(Q, ω, T ) = ǫ∞
[
1− ω
2
pl
ω2
(
1− 3Q
2
m∗βω2
)]
. (24)
where
ω2pl =
4πe2n
ǫ∞
(25)
is the plasma frequency. In the long-wavelength limit Q→ 0, we obtain
ǫ1(0, ω, T ) = ǫ∞
[
1− ω
2
pl
ω2
]
. (26)
For the imaginary part we obtain for T → 0
ǫ2(Q, ω, ) =
2e2(m∗)2
h¯3Q3
ω . (27)
3 Numerical results
In order to complete our work we need obtain an analytical expression for
chemical potential. At this point, we can use the called Pade approximation
to obtain an analytic approximation for βµ which is given by [6]
βµ = ln(ν) +K1 ln(K2ν + 1) +K3ν , (28)
where ν = n/no with
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Figure 1: The real dielectric function for a GaAs sample with n= 1016 cm−3,
Q = 2.5 105cm−1, for T = 50 K.
Figure 2: The real dielectric function for a GaAs sample with n= 1016 cm−3,
Q = 2.5 105cm−1, for T = 150 K (solid curve) and T = 300 K (dashed curve).
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Figure 3: The imaginary dielectric function for a GaAs sample with n= 1016
cm−3, Q = 2.5 105cm−1, for T = 5 K (solid curve) and T = 50 K (dashed
curve).
Figure 4: The imaginary dielectric function for a GaAs sample with n= 1016
cm−3, Q = 2.5 105cm−1, for T = 150 K (solid curve) and T = 300 K (dashed
curve).
no =
1
4
(
2m
πh¯2β
)3/2
, (29)
and K1 = 4.896685, K2 = 0.04496457 and K3 = 0.133376, The Eq.(28) is a
good approximation for the range −∞ < βµ ≤ 30.
The real part of the dielectric function,calculated from Eq.(12) as a func-
tion of frequency, ǫ1(ω)/ǫ∞ are shown in Figure 1 (for T = 50K) and Figure
2 (for T = 150K and T = 300K), for doped n-type GaAs with n = 1016
cm−3, Q = 105 cm−1. Other parameters are ǫ∞ = 10.5, m
∗ = 0.067mo.
The frequency dependence of the imaginary part, ǫ2(ω)/ǫ∞, calculated
after Eq.(15), are displayed in Figure 3 (for T = 5K and T = 50K) and
Figure 4 (for T = 150K and T = 300K) for the same values.
We can see that the real part is an even function in frequency, ǫ1(−ω) =
7
Figure 5: Raman spectrum GaAs for a GaAs sample with n= 1016 cm−3,
Q = 2.5 105cm−1, for T = 300 K .
ǫ1(ω), and the imaginary part is an odd function ǫ2(−ω) = −ǫ1(ω), a well-
known property of dielectric function. Furthermore, ǫ1(ω) always approachs
1 at large ω. We can see too that for small T values ǫ2(ω) has triangular
form.
4 Raman scattering
To show the feasibility and advantages of the equations calculated in this
work, now is presented an application for light scattering from single-particle
electrons in semiconductors.
According to the standard theory of Raman scattering the cross sec-
tion is directly proportional to the Fourier transform in space and time of
the electron density-density correlation function [7]. But, according to the
fluctuation-dissipation theorem, it results related to the frequency ω and
wavevector Q dielectric function ǫ(Q, ω) in this form [8]
d2σ
dΩdω
∼ [1− exp (−βh¯ω)]−1Im
[
−1
ǫ( ~Q, ω)
]
(30)
where Im stands for imaginary part, dω is the frequency interval in the
spectrum and dΩ is the element of solid angle subtended by the optical
window in the experimental apparatus.
Figures 5 and 6 shows the Raman spectra calculated from Eq.(30), from
doped n-type GaAs with n = 1016 cm−3 and Q = 2.3 × 105 cm−3 for T =
150K (Figure 5) and T = 300K (Figure 6).
We see that with increasing temperatures there are broadenings to the
plasmon peaks. At the smaller temperatures we can see well-defined plasmon
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Figure 6: Raman spectrum GaAs for a GaAs sample with n= 1016 cm−3,
Q = 2.5 105cm−1, for T = 150 K .
peak. As the temperature increases we see clearly the damping of the plasmon
line which characterize the Landau damping. This effect was experimentally
demonstrated in semiconductor by Mooradian [9].
In conclusion, we have presented a derivation of explicit expression for
Lindhard dielectric function for electrons in solid state plasma which is useful
at finite temperature. The application performed for n-type GaAs in then
range T = 5K to T = 300K highlights the usefulness of the expression
obtained.
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